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The low energy effective theory for the Randall- Sundrum two brane system is investigated with 
an emphasis on the role of the non-linear radion in the brane world. The equations of motion in the 
bulk is solved using a low energy expansion method. This allows us, through the junction conditions, 
to deduce the effective equations of motion for the gravity on the brane. It is shown that the gravity 
on the brane world is described by a quasi-scalar-tensor theory with a specific coupling function 
— 3*/2(l — 5') on the positive tension brane and u(<^) = — 3$/2(l -I- <J>) on the negative 
tension brane, where ^ and $ are non-linear realizations of the radion on the positive and negative 
tension branes, respectively. In contrast to the usual scalar-tensor gravity, the quasi-scalar-tensor 
gravity couples with two kinds of matter, namely, the matters on both positive and negative tension 
branes, with different effective gravitational coupling constants. In particular, the radion disguised 
as the scalar fields 'I' and <E> couples with the sum of the traces of the energy momentum tensor 
on both branes. In the course of the derivation, it has been revealed that the radion plays an 
essential role to convert the non-local Einstein gravity with the generalized dark radiation to the 
local quasi-scalar-tensor gravity. For completeness, we also derive the effective action for our theory 
by substituting the bulk solution into the original action. It is also shown that the quasi-scalar- 
tensor gravity works as holograms at the low energy in the sense that the bulk geometry can be 
reconstructed from the solution of the quasi-scalar-tensor gravity. 

PACS numbers: 98.80.Cq, 98.80.Hw, 04.50.+h 



I. INTRODUCTION 



Motivated by the recent development of the superstring theory, the brane world scenario has been studied intensively. 
In particular, the warped compactification mechanism proposed by Randall and Sundrum has given birth to a new 
picture of the universe [Q. The single brane model (RS2) is well studied so far because of its simplicity and the 
absence of the stability problem of the radion mode || ^ H. As for the two brane model (RSI), Garriga and 
Tanaka have shown that the gravity on the brane behaves as the Brans-Dicke theory at the linearized level |6j. Thus, 
the conventional linearized Einstein equations do not hold even on scales large compared with the curvature scale I 
in the bulk. Charmousis et al. have clearly identified the Brans-Dicke field as the radion mode 0. The subsequent 
research has been focussed on the role of the radion in the brane world scenario ^, |l^ . 

However, the above-mentioned works are restricted to the linear theory or to homogeneous cosmological models. 
To study the non-linear gravity is important for applications to astrophysical and cosmological problems. Recently, 
Wiseman have analyzed a special two brane system with the negative tension brane taken to be in vacuum and shown 
that the low energy effective theory becomes the scalar-tensor theory with a specific coupling function ||ll|. Here, 
we consider the general case including the matter on the negative tension brane and derive the effective equations of 
motion for this system using a low energy expansion method developed by us [ p^ . 

To further illuminate the role of the radion in the brane world, let us pose the issue in the following way. In our 
previous paper, we have derived the low energy effective equation on the brane as |^ (see also [ p^ ) 

G^. = yn-yx'^.(^^), (1) 

where G^^, k, and T'^ denote the 4-dimensional Eisnstein tensor, the 5-dimensional gravitational constant, and the 
energy momentum tensor on the brane, respectively. Here, the " constant of integration " XtJ.v{x) is transverse and 
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traceless. When we impose the maximal symmetry on the spatial part of the brane world, Eq. reduces to the 
Friedmann equation with the dark radiation 



+ ^ (2) 
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where H, ag and p are, respectively, the Hubble parameter, the scale factor and the total energy density of each 
brane, while C is a constant of integration associated with the mass of a black hole in the bulk. Hence, (^) '^^^ 
regarded as a generalization of the dark radiation appeared in Eq. (^) . The point is that Eq. (|^) holds irrespective of 
the existence of other branes. The effect of the bulk geometry comes in to the brane world only through X/ii^ 

On the other hand, as we have noted, the scalar-tensor theory emerges in the two brane system. How can we reconcile 
these seemingly incompatible pictures? In this paper, we reveal a mechanism to convert the Einstein equations with 
the generalized dark radiation to the quasi-scalar-tensor gravity. After all, it turns out that the radion disentangles 
the non-locality in the non-conventional Einstein equations and leads to the local quasi-scalar-tensor gravity. 

This paper is organized as follows. In section 2, our iteration scheme to solve the Einstein equations at the low 
energy is explained. In section 3, the background solution is presented. In section 4, we derive the brane effective 
action from the junction conditions at the leading order. We see the effective theory is described by the quasi-scalar- 
tensor gravity with a specific coupling function. The relation to the holography is also discussed. In section 5, a 
systematic method to compute the higher order corrections is discussed. Section 6 is devoted to discussions and 
conclusion. In Appendix A, we explain the physical meaning of our method, especially the relation to the zero mode 
and Kaluza-Klein modes in the linear theory, by using a simple scalar field model. In Appendix B, the linearized 
gravity is analyzed using our method in detail. 

II. LOW ENERGY APPROXIMATION 
A. RSI Model and Basic Equations 



The model is described by the action 



^ ^ i=A,B " i=A,B 

where 7^, ^^'JJ^"" and are the scalar curvature, the induced metric on branes and the gravitational constant in 
5-dimensions, respectively. We consider an S1/Z2 orbifold spacetime with the two branes as the fixed points. In the 
RSI model, the two flat 3-branes are embedded in the 5-dimensional asymptotically anti-deSitter (AdS) bulk with 
the curvature radius I with brane tensions given by CTA = 6/{k'^1) and as = -6/{k'^1). 

For general non-flat branes, we can not keep both of the two branes straight in the Gaussian normal coordinate 
system. Hence, we use the following coordinate system to describe the geometry of the brane model; 

ds^ = e2'*(2''^")d2/2 + x^')dx^'dx'' . (4) 

We place the branes at ?/ = (A-brane) and y = I (i?-brane) in this coordinate system. The proper distance between 
the two branes with fixed x coordinates can be written as 

d{x) = / e'^^^-'^dy . (5) 







Hence, we call (j) the radion. In this coordinate system, the 5-dimensional Einstein equations become 

(4) 
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= -1 - ^ {-AaA + T^) e'H{y) - ^ (-Aas + e'Hiy - /) , (7) 



V.(e-^i^/)-V^(e~^i^) = 0, (8) 



FIG. 1: Radion as a distance between two branes. 



where R^^J-'^^ is the curvature on the brane and denotes the covariant derivative with respect to the metric g^u- 
And we introduced the tensor K^^, — -~g^u,y/'^ for convenience. One can read off the junction condition from the 
above equations as 



(9) 
(10) 



where Kj^ = g^°'Ka^ and the fact that we are considering a Z2 symmetric spacetime is used. Decompose the extrinsic 
curvature into the traceless part and the trace part 



1 

e-^K,,, = S^, + -g^,Q , Q = -e-*^ log ^ 



^9 ■ 



Then, off the brane, we obtain the basic equations; 



(11) 



Q^^ = - 



(4) 1 (4) 



12 
72" 



a/3 



rV„O = 



4 



1 



(12) 

(13) 
(14) 
(15) 



And the junction conditions are 



y=o 



y=i 



= -^{-^bK + t%) 



(16) 



(17) 



The problem now is separated into two parts. First, we must solve the bulk equations of motion with the Dirichlet 
boundary condition at the A-brane, g^v{y = 0, x^) = h^^{xf^). Then, the junction condition is imposed at each brane. 
As the junction conditions constrain the induced metrics on both branes, they naturally give rise to the effective 
equations of motion for the gravity on the branes. 
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B. Low Energy Expansion Scheme 

Unfortunately, it is a formidable task to solve the 5-dimcnsional Einstein equations exactly. However, notice that 
typically the length scale of the internal space is / <C 0.1 mm. On the other hand, usual astrophysical and cosmological 
phenomena take place at scales much larger than this scale. Then we need only the low energy effective theory to 
analyze the variety of problems, for example, the formation of a black hole, the propagation of gravitational waves, 
the evolution of cosmological perturbations, and so on. It should be stressed that the low energy does not necessarily 
implies weak gravity on the branes. 

Along the normal coordinate y, the metric varies with the characteristic length scale /; g^iy^y ^ g^iv/l- Denote the 
characteristic length scale of the curvature on the brane as L. Then we have R ^ g^^/L^ . For reader's reference, let 
us take I = 1 mm, for example. Then, the relations in the RSI model 
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— = SttGn 



give - (lO^GeV)"^ and |cr,;| - ITeV*. 

In this paper, we will consider the low energy regime in the sense that the energy density of the matter, pi 
brane is smaller than the brane tension, i.e., pi/\ai\ <C 1. In this regime, a simple dimensional analysis. 



I 



4'' « 1 



(18) 



on a 



(19) 



implies that the curvature on the brane can be neglected compared with the extrinsic curvature at low energies. Thus, 
the Anti-Newtonian or gradient expansion method used in the cosmological context jl^ is applicable to our problem. 

Our iteration scheme is to write the metric gfn, as a sum of local tensors built out of the induced metric on the 
brane, with the number of derivatives increasing with the order of iteration, that is, 0((^/i)^"), n = 0, 1, 2, • • •. Hence, 
we seek the metric as a perturbative series 



g(:)(y = 0,:r^)=0. 



1,2,3,. 



(20) 
(21) 



where the factor a^(j/, x) is extracted because of the reason explained later and we put the Dirichlet boundary condition 
g^iviu = 0,a;) = hfj_u{x) at the A-brane. We do not need to know the geometry of the _B-brane when we focus on the 
effective equations on the ^-brane. In other words, from the viewpoint on the A-brane, the junction condition at the 
_B-brane simply gives the boundary condition for the bulk geometry. Other quantities are also expanded as 

= + S^^^^^ + S^^'^^ + • • • . (22) 

In Appendix A, we illustrate our method using a simple scalar field example to clarify the relation of the low energy 
expansion with the zero mode and Kaluza-Klein modes in the linearized theory. 

III. BACKGROUND GEOMETRY 



As we can ignore the matter at the lowest order, we obtain the vacuum brane. Namely, we have an almost flat 
brane compared with the curvature scale of the bulk space-time. At the 0-th order, we can neglect the curvature 
term. Then, we have 

e-*E(%^-0("'l]W^, = 0, 



The junction condition is 



-0 



Q(0)_lg(0)2_j.(0)a/3s(°)^-^ 



(0) A 



^V,Q(")=0 



y=0 



(23) 
(24) 

(25) 

(26) 

(27) 
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(28) 



Using Eq. (|l l|) , Eq. ( |23D can be readily integrated, 

where C^^, is a "constant" of integration. This term is not allowed to exist because of the junction conditions ( [27| ) 
and (p^). Then, it is easy to solve the remaining equations. The result is 



(29) 



E(o)^^ = , Q(°) 



I 



1 d 



,(0) 



Using the definition 

we get the 0-th order metric as 

ds^ = e^-^^^^^^dy^ + a2(y^ x)h^,^{x'')dx''dx'' , a(?;, a;) = exp 



(30) 



(31) 



(32) 



where the tensor /i^jy is the induced metric on the positive tension brane. Note that the metric derived by Charmousis 
et al., e*^ = 1 + 2/(x)e^*'/'/^i is consistent with this solution Q. To proceed further, we take the coordinate system 
to be (f>{y,x) — (j){x). Then, we have a{y,x) — exp[~ye'^ /I]. Though this choice of the coordinate system is generally 
possible at least locally, there may be a global obstruction. However, as we show below, we can consistently get 
non-trivial solutions. Moreover, we explicitly demonstrate the validity of our choice at the level of linear theory in 
Appendix B. 



Given the 0-th order solution, jimction conditions ( |27| ) and (28) lead to the well known relations 



I ' 



K (Tb = 



I 



(33) 



Note that 4>{x) and h^^{x) are arbitrary fmictions of x at the 0-th order. 



IV. HOLOGRAPHIC QUASI-SCALAR-TENSOR GRAVITY 
A. Bulk Geometry 



The next order solution is obtained by taking into account the terms neglected at the 0-th order. It is at this order 
that the effect of matter comes in. At the 1-st order, Eqs. ( p"2[]l5| ) become 

(1) 



(4) 



tracclcss 



(1) 



-0n(i) 



(1) 



v.s^V-^v.qW^o, 



(34) 

(35) 

(36) 
(37) 



where the subscript "traceless" represents the traceless part of the quantity in the square brackets. The junction 
conditions are given by 



y=i 



rj-iAfl 



^2 ~ 



(38) 
(39) 
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where the superscript (1) represents the order of the gradient expansion. Here, means the Ricci tensor of 

a?h^^. Note that now a — exp[— ye'^/^]. It is convenient to introduce the Ricci tensor of /i^^, denoted by R'^{h), and 

express in terms of R'^ and 0; 

. '(40) 

where | denotes the covariant derivative with respect to h^^i,. Similarly it is convenient to express the second derivatives 
of 6 as 



(4) 



1 



,1(1) - 



(41) 



Substituting the trace of Eq. (40) into the right-hand side of Eq. (pq), we obtain 



(42) 



Note that Eq. (pq ) is trivially satisfied now. Hereafter, we omit the argument of the curvature for simplicity. Sub- 
stituting Eqs. ( |40| ) and (|4^) into Eq. (^J) and integrating it, we obtain the traceless part of the extrinsic curvature 
as 



1 



1 



I 



1 



\v A lot 



1 



(43) 



where x'i is an integration constant with the property — 0. And x'i rnust be transverse X^^i^i^ = in order to 
satisfy Eq. (||). The definition (0) gives 



(44) 



Integrating Eq. (44), we obtain the metric in the bulk: 



P [ 1 



;2 / 1 



2 + 



6 



2 Va^ 



2ye'f' 1 



; / 1 



(45) 



where we have imposed the boundary condition, gj^Jiy = 0, a;^) = 0. From these results, one can calculate the Weyl 
tensor as 



Cyayi/ — 



(46) 



Hence, the term of x^jy is essentially the Weyl tensor at this order. Note that we have obtained the bulk metric in 
terms of 0(a;), hf^^{x) and Xiiv{x)- 



B. Quasi-Scalar- Tensor Gravity 

We shall deduce the equations for 4>{x)^ hf^u{x) and Xij.v{x) from junction conditions. Using Eqs. ( ^2|) and (|4 
one gets the junction conditions. The junction condition at the A-brane is written as 

{G'^Ah)+X^ = ^T^\- (47) 

This equation is nothing but the Einstein equations with the generalized dark radiation Xp,v- It should be noted that 
X^iii is undetermined at this level, exhibiting the non-local nature of Eq. ([47|). 



7 



The junction condition at the _B-brane is given by 

^G^. + ^ {K ~ ^'K + ^"^1'' - '^^^^'"'^1") + ^ (^"'^l" + ^^."<^'"^l") + f# = ' (48) 

where = a(y = Z, a;) = exp[— e"^]. Here, the index of T^'^^ is the energy momentum tensor with the index raised 
by the induced metric hf^j, on the A-brane, while T^^^ is the one raised by the induced metric on the i?-brane. At 
the present order, we have the following relations, 

T^. = , = ^^T% . (49) 

To reveal the role of the radion field, we must write Eq. ( |4^ ) using the induced metric on the B-brane g^^'"^^^'^ — 

gliJ. At this order, the Ricci tensor of the induced metric on the B-brane is equal to 
that of /^y. Using this fact, we rewrite Eq. p^ ) to obtain the effective equations on the B-brane, 

^G'^.m + f^^-yT'^^- (50) 

Again, we have the non-conventional (non-local) Einstein equations as in the case of the A-brane. 

Although Eqs. ( ^7| ) and ( po|) are non-local individually, with undetermined X/ji^j one can combine both equations 
to reduce them to local equations for each brane. This happens to be possible since Xfj-i^ appears only algebraically; 
one can easily eliminate X/^i/ from Eqs. (^) and (|4^). Defining a new field 5* = 1 — £7^, we find 

G'-.ih) = ^T^^ + + 1 (vpi;'^ - + ^ (^vpiMvi,,, - Isi^^^-^^a) , (51) 

where the coupling function takes the following form: 

3 * 

u;{^) = . (52) 

We can also determine x'i by eliminating from Eqs. ( ^7|) and (^). Then, 



2* 

The condition — gives rise to the field equation for "if 



(53) 



0^ = ^I^±ll-^^^\^^, (54) 

where we have used the explicit form of Lu{'i'). This equation tells us that the trace part of the energy momentum 
tensor determines the radion field and hence the relative bending of the brane. And is determined by the traceless 
part of the right-hand side of Eq. (|5^) . Remarkably, Xt^f is now a secondary entity. 

Eqs. (|l|) and ( |5^ ) are the basic equations to be used in cosmological or astrophysical contexts when the characteristic 
energy density is less than \ai\. Notice that the conservation law with respect to the metric h^i, reads 

T^^ ^ , T^'' , = ^^T^^^ - i^i^T^ . (55) 

In contrast to the usual scalar-tensor gravity, this theory couples with two kinds of matter, namely, the matters on 
both positive and negative tension branes, with different effective gravitational coupling constants. For this reason, 
we call this theory the quasi-scalar-tensor gravity. Thus, the (non-local) Einstein equations (|4^) with the generalized 
dark radiation has transformed into the (local) quasi-scalar-tensor gravity (|T]) with the coupling function uj{'^). 



C. Effective Action 



Let us consider an effective action for h^^{x) and 0(a;). If one wants to calculate the quantum fluctuations in the 
inflationary scenario, for example, one needs the action to determine the magnitudes of them. The action have to be 
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derived from the original S-dimensional action by substituting the solution of the equations of motion in the bulk and 
integrating out over the bulk coordinate. We shall start with the following action: 



S 



6 



^ 12 
6 



4 / d'x^ 



drx^-f + / (Tx 



-hC 



d^X 



(56) 



where we have taken into account the boundary term, the so-called Gibbons-Hawking term instead of introducing 
delta-function singularities in the curvature. The factor 2 in the Gibbons-Hawking term comes from the Z2 symmetry 
of this space-time. As we substitute the solution of the bulk equations of motion, we can use the the equation 
TZ — — 20/P which holds in the bulk. It should be stressed that the bulk metric is solved without using junction 
conditions and is expressed in terms of 0, /i^i/ and Xi^v- That is why we can get the effective action on the brane by 
the simple substitution of the solution. Now, up to the first order, we obtain 



S 



2 



hi dza^ 
Jo 



1 + W^al'} 



^ I d^xx 



1 + \h^''a\^} 



2 ' " 9fiiy 

"4 



I 



d-^xx 



1 + Ih'^'^gi'J 



4 I 

T + 6 



R 



d^xV^C^ 



(57) 



Using Eq. 



and the definition 5* = 1 — il^, wc finally have the action: 



I 



S* = — r / d'^xV-h 



*i? L^^fl^^f 



(58) 



This is a complete derivation of the action with the correct normalization which is important for quantization of the 
theory. 

Here, it should be noted that which appeared in g\}} is a non-local quantity. In fact, eliminating 5* from Eq. ( [s^ ) 
by solving Eq. ( p^ yields a non-local expression of x'i- If substitute this non-local expression into Eq. (|47|), we 
will obtain a non-local theory. Conversely, one can see that introducing the radion disentangles the non-locality in the 
non-conventional Einstein equations ( ^7|) and yields the quasi-scalar-tensor gravity given by Eqs. (^ and (|4|). This 
important point is more transparent in the derivation of the effective action. Indeed, the non-local part xi disappears 
because of the traceless nature = 0. A similar mechanism is discussed by Gen and Sasaki ||^ in the context of the 
linear theory. 



D. Holographic Brane Gravity 

We have obtained the 4-dimensional quasi-scalar-tensor gravity from the 5-dimcnsional action. The bulk metric 
corresponding to the 4-dimensional effective theory is given by 

5,,. = (1 - ^f" [kA^) + gW( V. T^u, Tj^u^ y)] , (59) 

where Xij-v (HI) is eliminated by using Eq. (p3|). Here, the y-dependence of g^i'' is explicitly known. Thus 

the bulk metric is completely determined by the energy momentum tensors on both branes and the radion and the 
induced metric on the A-brane. Therefore, once the 4-dimensional solution of the quasi-scalar-tensor gravity is given, 
one can reconstruct the bulk geometry from these data. The quasi-scalar-tensor gravity works as holograms at the 
low energy. In this sense, one can call the quasi-scalar-tensor gravity the holographic brane gravity. Eq. (|5^) gives 
a holographic picture of the brane world. Recalling that the radion specifies the position of the second brane, the 
radion can be interpreted as a kind of "phase" in the holographic picture of the brane world. 
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E. Effective Theory on S-brane 

For completeness, we shall derive the effective equations of motion on the B-brane. To do so, let us simply reverse 
the role of the A-brane and that of the B-brane. Substituting /i^,^ = ^~^f^i, into the junction conditions yields 



(60) 



and 



1^ 



G^, + m^ (^(logfi):^,-^(;(logO):« + (logfi)''*(logO);. + ^5^^(logf2);«(logf2);„) + x'^, = '^Ti^ , (61) 



where ; denotes the covariant derivative with respect to the metric /^j^. Thus, defining $ = $7 ^ — 1, we obtain the 



effective equation on the S-brane: 

Gt' (f) = —T^t' + 'fi^dL^T^i^ . i f$;M _ ^M$;a ) , '^(*) 



where 



a;($) = - 



$2 



3 $ 



21 + $ 



The equations of motion for the radion becomes 



I 2a; + 3 





2cj + 3 rf$ 



(62) 



(63) 



(64) 



Thus, we have shown that the gravity on the negative tension branc is described by the quasi-scalar-tensor gravity 
with a coupling function w($) = -3$/2(l -|- <I>). 

It should be noted that the dynamics on both branes are not independent. We know the gravity on the i?-brane 
once we know that on the A-brane, and vice versa. The transformation rules are 



1 - * ' 



(65) 
(66) 



This relation is useful when we consider concrete applications. 



V. KALUZA-KLEIN CORRECTIONS 



As explained in Appendix A, our analysis so far to the first order in the gradient expansion corresponds to the 
zero-mode truncation in the language of the linearized theory. Although it is obscure to use the word "Kaluza-Klein 
corrections" in the non-linear theory, we shall call their non-linear counterpart simply as Kaluza-Klein corrections in 
this paper. 

In principle, we can continue our analysis up to a desired order using the following recursive formulas: 



v/ 



dya 



(4) 



(n) 



tracclcss part J>— 1 



n-1 



. n— i 



(67) 
(68) 
(69) 
(70) 
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These equations give a solution as an infinite sum. The existence of the infinite series is a manifestation of the 
non-locahty of the brane model ||l^ . 

To get the effective equations of motion with second order corrections using the above formula is straightforward. 
However, carrying out the calculation is laborious and the resultant expression is too long to write down. As for the 
linear theory, we will obtain the explicit effective equations of motion with Kaluza-Klein corrections in Appendix B. 
Here, we will only sketch how the Kaluza-Klein corrections appear using an easy method. 

Although we need the explicit y-dependence of the bulk to obtain the action, as long as we are interested only in 
the effective equations on the brane, we do not have to solve the bulk explicitly. The reason is as follows. We can 
write down the non-local Einstein equations corresponding to Eqs 
Then since we know how the non-local term, i.e., the generalized c 
eliminate it just as in the 1-st order case. 

The non-local Einstein equations on the branes are |l3| 



and (50) without knowing the bulk geometry, 
ark radiation term behaves in the bulk, we may 



g(4)(^i3bra„e) 



2 , Kr rriA ^ 

I 



I 

4 
3 

'i 



^2 



a 13 



6 



1 



2 •-'M^ 



+ y - y ' 



^ I ( ^, pa -'^ Sbranc pa/3 
^ I \Xp.aR V - -^9^.1, XapR 



XpRa - QXpRa + T^Xpx:^ 



31]8' 



(71) 



Rxuv 



(72) 



where tfj^n is an integration constant at the 2-nd order and we have defined the quantity 



1 



RR^",, 



1 



1 



2 \ I 



R" 



|a 



-R' 



(73) 



Here, ; represents the covariant derivative with respect to /^^ and all of the curvatures in Eq. ( |7l| ) are calculated 
from g^^''^'^°- What we should do is to eliminate t^i, from Eqs. (|7^) and (|7|) and substitute the relation .g^'J"^"" = 



+ ffl^t' ] vato the resulting equation. Then we obtain a higher derivative but local theory on the brane. 
Noticeably, the same is true for all higher order corrections. Thus, one can infer that the radion disentangles the 
non-locality in the system to all orders at the expense of introducing higher derivative terms. 



VI. CONCLUSION 



We have developed a method to deduce the low energy effective theory for the two-brane system. The 5-dimensional 
equations of motion in the bulk is solved using a low energy expansion method. This allows us, through the junction 
conditions, to deduce the effective equations of motion for the gravity on the brane. As a result, we have shown 
that the gravity on the brane world is described by a quasi-scalar-tensor theory with a specific coupling function 
Lo{'^) — 3^'/2(l — ^) on the positive tension brane and bj{^) = — 3$/2(l -I- <i>) on the negative tension brane, where ^ 
and $ are Brans-Dicke-like scalars on the positive and negative tension branes, respectively. In contrast to the usual 
scalar-tensor theory, the quasi-scalar-tensor theory couples with matters on both branes but with different effective 
gravitational coupling constants. In particular, the radion disguised as the scalar fields 5* and $ couples with the 
sum of the traces of the energy momentum tensor on both branes. Moreover, we have derived the effective action by 
substituting the solution of the bulk equations of motion into the original action. This direct method determines the 
normalization of the effective action which is indispensable for quantizing the theory. 

In the process of derivation of the effective equations of motion, we have clarified how the quasi-scalar tensor 
gravity emerges from Einstein's theory with the generalized dark radiation term described by x^^v■ A brane can feel 
the non-loCcil effect of the bulk geometry only through irrespective of the existence of another brane. This is 
the picture that the Einstein equations with the generalized dark radiation tells us. Then, what is the role of the 
radion? In order to make the connection between the radion and x^j.vi have to know the bulk geometry. In the 
case of a single brane, Xtiv is determined by the boundary conditions at the Cauchy horizon. If we require that 
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the geometry is asymptotically Anti-deSitter there, then Xp-f must vanish [|6j. In the two-brane case, we have no 
asymptotic region, instead we have the second brane in the bulk. The radion determines the location of the second 
brane where the junction conditions are imposed. The junction conditions give Xfj-u ^ function of the energy 
momentum tensor and the radion. The resultant equation is nothing but the holographic quasi-scalar-tensor gravity. 
Thus, the difference between the Einstein equations with the generalized dark radiation and the quasi-scalar-tensor 
gravity is just superficial. The radion has converted the non-local non-conventional Einstein equations to the local 
quasi-scalar-tensor gravity. 

We have also given a systematic method to calculate the corrections due to Kaluza-Klein massive modes. It is 
conjectured that all of the non-locality arising from the integration is disentangled by the radion in the two brane 
system. We have also emphasized the holographic aspect of our result. It turns out that the effect of the bulk gravity 
on the low energy physics in the brane world can be described solely in the 4-dimcnsional language. Conversely, 
the bulk geometry can be reconstructed from the knowledge of the 4-dimensional data. In this sense, the quasi- 
scalar-tensor gravity we have found in this paper works as holograms and hence can be called the holographic brane 
gravity. 

Let us discuss an implication of our results. Cosmology is usually formulated on the basis of local field theory. 
However, the superstring theory suggests non-local field theories are ubiquitous. Though a non-local field theory is not 
easy to treat properly, the holographic description opens a new possibility to study cosmology with non-local terms. 
The brane world cosmology can be regarded as a realization of a non-local field theoretic approach to cosmology. 
In the single brane picture, the non-local terms due to the integration constant appear Furthermore, there are 
infinite series of higher derivative terms in the low energy expansion scheme. This is also a manifestation of the 
non-locality of the brane world gravity |l^, In the two brane system, there also exist the above two types of 
non-locality. Intriguingly, the radion has disentangled the non-locality of the homogeneous solutions and led to the 
quasi-scalar-tensor gravity. Hence, the quasi-scalar tensor theory is a non-local theory disguised as a local theory. In 
fact, integrating out the scalar field yields a non-local field theory. In addition, the non-locality due to the Kaluza-Klein 
type corrections remains as an infinite series in the low energy expansion even in the two brane system. Cosmology 
with non-local fields from this point of view deserves further investigation. 

As we have succeeded to obtain the effective action for the non-linear brane gravity, various problems can be now 
investigated. The two brane inflation is under investigation using our method |17| . Astrophysical applications such as 
gravitational waves from binary stars are also intriguing. Extension of our formalism to more general models which 
include bulk scalars or vector fields might be interesting. 



We would like to thank M. Sasaki for valuable suggestions which improved the presentation of the paper significantly. 
This work was supported in part by Monbukagakusho Grant-in- Aid No. 14540258. 



In order to illustrate the method used in the main text, we examine a toy model in this appendix. Let us consider 
a massless scalar field (p in the background 



where the branes are located at y = and y = d. The equation of motion for with a source on the branes becomes 
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APPENDIX A: SCALAR FIELD EXAMPLE 



dy^ + exp[-2y]77^^da;^da;' 



(Al) 



ncj,^J^{x)6{y) + J^ix)Siy~d) . 



(A2) 



From this equation, one can deduce the junction conditions 




(A3) 



(A4) 



Let us focus on the A-brane at y = and put 



(/>(y = 0, x) = 00 (x) . 



(A5) 
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The Green function with the Neumann boundary condition is easily calculated as 



A5(0,x;0,x') 



exp[ip • {x — x')]- 



j exp[ip • (a; - x')] 



1 .h{qle'in)H^^\ql) - Ji{ql)H[^\qle'i/l) 



q^l{l- e-^d/i-j 



1 + q^f' 



3 1 



-2d/l _ 



8' 2(1-6-2'^/') / 



and 



A5{0,x;d,x') = 



lie^l' f d^p 1 
- exp[ip ■ [x — X )\ 



nl J (27r)4 

exp[ip • (x — x')] 



<?' .hiqled/l)H[^\ql) ~ .h{ql)H[^\qled/l) 



{2n) 



g2/(l_e-2rf/') 



l+,2p( 1 1 2./. 



8 2(1 - e-^d/i) ; 

where q^ — —rji^^p^^p'^ . Thus, the standard Green function method gives the solution for Eq. (A2) as 



This gives 



0o(x) = i /" d^x'A5iO,x;0,x')J^{x') + ^ f d'^x' e'^'^''- A^{0,x-d,x')J^ {x') 



□ (/)o(a;) = ^ / d'*a;'nA5(0,x;0,a;')J'^(a;') + ^ / d-^x' e-'^'^'^nA^{{)^x;d,x')J^ [x') 



1 

;(l_e-2d/i) 
1 



„-4<i/; 



;(1 _ e-2d/i) 



3 1 



;(l-e-2d/i) |_8 8 2(1 - 6-2^^/') Z 

, i + ip2'i/' L 

Z(l - 6-2-^/') • 



fuj'^{x) 



p-id/l 



fajB{x) 



(A6) 



,(A7) 



(AS) 



[S^S*^ ' -2(l-e-2./0Tj' W^---- (A9) 

Note that the first two terms come from the zero mode and the rest are Kaluza-Klein corrections. Now, we shall 
compare the above result, Eq. ([A^), with our method. 



1. 0-th order 



At the 0-th order, we ignore gradients on the brane, then we get 



The solution of Eq. (AlO) is given by 



(AlO) 



(All) 



However, as we are regarding the source terms as the first order quantities, the junction conditions ( |A3| ) and (A4) 
imply tpo ~ 0. Hence, we simply obtain (j)^^") — 



2. 1-st order 



At the first order, we must solve 



The result is 



e^y/'dy \e-^y/'dy4>'^^A = -e^y^'aMx) 



0(1) = ^e2«/'n0o + ^e4^/'C(a;) + D{x) 



(A12) 



(A13) 
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where C and D are homogeneous solutions. The junction conditions (A3) and (A4) become 



dy(j)\y = d = 

EHminating C from these equations, we obtain 



-J 



-Ad/l 



;(1 e-2<i/i) ;(l-e-2'^/') 



J' 



(A14) 
(A15) 

(A16) 



This agrees with the zero-mode part of Eq. (A9). Thus our method to the first order corresponds to the zero-mode 
truncation when hnearized. The homogeneous part is also determined as 



C{x) 



2(1 _e2<i/i) 



(A17) 



3. 2-nd order 



At the 2-nd order, we have 



This Eq. (AlS) can be integrated as 



Hence, the junction conditions (|A3| ) and (|A4| ) yield 

77° 00 



-□0o + C(a;) 



^UC{x)+D{x)^-J^{x) 



(AlS) 



(A19) 



(A20) 



l-e'y/'Ucj.o + C{x)e^y" - ^^{de^y" -f l-e^y")U^Q ~ ^^{e^y/' + e^y^')aCix) + e^y"D{x) = J^(a;) . (A21) 
2 4 2 8 2 



Combining both Eqs. (A20) and (A21), we get 



1{1 - 6-2^/') 



-id/ljl 



P Id 



2(1- e-2'iA) 



1 - e 



-2<i/; 



(A22) 



Substituting Eqs. (A16) and (A17) into the right-hand side of Eq. (A22) yields Eq. (A9). Thus, we have shown that 
the 2-nd order equations in our method correspond to taking into account the Kaluza-Klein corrections when the 
equations are linearized. 



APPENDIX B: LINEARIZED GRAVITY 



Let us now turn to the case of our interest, that is, the linearized gravity. In the linearized gravity, following the 
method in [||, the solution is explicitly given in terms of the scalar Neumann Green function A5 in Eqs. ( [A^ ) and 



1/^2 



3 I 



-K^ / dVe-''^/'A5(0,x'^;d,a;''') 



(Bl) 
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where fe^ ,, is the smah fluctuation in the metric on the A-brane. Applying □ to this equation and expanding A5 as 
Eqs. (A£ ) and (|A7|), we obtain 



a hi 



2^2 




1 


I 


1 


_ g-2d/l 






1 




1 


_ g-2d/Z 






g-2d/l 




1 


_ g-2d// 



-2d/l 



^ _ ip-2<i/i 
8 8 

1 1 

8 + 8' 



3 I 1 

d/l 



[T + T 



,2d/l 



2(1 - e-2d/i) 

d/l 

2(1 - 6-2^/') 



-2d/i 



(B2) 



This may be regarded as the effective Einstein equations corr ected to 0{{j^)*). Now we demonstrate that our low- 
energy expansion scheme leads to the linearized quasi-Brans-Dicke gravity. Then we will show that our method 



correctly reproduces Eq. ( |B2p 
Our solution for the bu 



k metric is 

ds^ = e2'^(?'^^)d?/2 + exp 



h^^{xf')dx''dx'' 



(B3) 



Here, two branes are located at y = and y = I- We will assume that 4){y^x^) = <j){x^) for simplicity. After some 
obvious changes of variables and rescalings of coordinates, small fluctuations in the metric can be represented as 



ds' = (1 + 254>)dy' + e~^y ( 77^, + /i^^x^) - ^?7^,(50(x^) ) dx^'dx'' , 



(B4) 



thus 



(0) 



h^i,{x) - ^?7^^(50(a;) 



(B5) 



where /i^y and 6(j) represent tensor and scalar fluctuations, respectively. Now the two branes are located at y = and 
y = d, because of the relation e'^ = d/l. Decomposing the extrinsic curvature into the traceless part and the trace 
part, the small fluctuations of each part are 



I 



SQ 



(B6) 



Here we used our results in Eq. 



The equations off the brane, Eqs. (|12[]15|), are linearized to become 



SQ = -^ [R] , 



SQ, 



6Q = V^VJ 



Va^S„^ - -VJQ = 



(B7) 

(B8) 
(B9) 
(BIO) 



The junction conditions become 



sj:^, ~ -s^SQ 



y=d 



^.2 A 

2 " ' 



,2 B 



(Bll) 
(B12) 



We now work with our low-energy iteration scheme. The goal is to construct the metric fluctuation as 



Sgtiu{x,y) = a2 



22/ 



(2) 



h^^{x) ^ry^,^(5(?!)(a;)-|- {x,y)+ Sg^u {x,y) + 



(B13) 
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1. 1-st order 



The solution at the 1-st order is 



(1) 




(1) 




(1) 




(1) 


P f 1 


5giiu = 


"2" W 



y 



„2 yK-l^'.^^^t^ 



'a 



( — - 1 ) ( ^A'- - Z^^A^--^ ' " I ^ " 2^ + 2" 



ly P 



From Eq. (BIC), we obtain the constraint ^^^i = for the homogeneous solution. The junction conditions are 



(1) 3 (1) 
—X SQ 



(1) 3 (1) 
(5E^, --6^^ SQ 



y=o 



1 ^.2 A 

2^i^'Ai/ 2 



—G^' + — ( 6<h^': - S^'^S6] +— = — — T^' 



(B14) 
(B15) 

(B16) 
(B17) 

(B18) 
(B19) 



Here, we used the relation ( |49| ) between T'^ and T'^. The homogeneous solution can be eliminated from Eqs. (BIS) 
and (pigj) to yield 



We now introduce a linearized version of the field introduced in Eq. ( |5l] ) by 5* = (1 — 1^2) + 2172 
The linearized effective equations can then be written as 



Tt +(1 - *o) n 



1 



Eqs. (Bll) and ( B12| ) determine the homogeneous solution, x'^iyj b^s 



^2 1 - *n 



The traceless condition of x^i, leads to 



2^- 



K'' T + T 
T2a; + 3 



^ 



(B20) 

(B21) 
(B22) 

(B23) 



Thus we found the fact that linearizing our method leads to the "linearized quasi-Brans-Dickc gravity" with the 
Brans-Dicke parameter. 



CO 



1 

2 V 172 



1 



1 



By linearizing in Eq. (B20) and defining 



one gets 



1-172 



A B 

T't +17^ 



(B24) 



(B25) 



(B26) 



16 



Note that h'^^{x) is the fluctuation of the induced metric on the A-brane located at y = 0. The gauge freedom can be 
used to set 



an 



2^2 



and then Eq. (p326| ) becomes 



2k^ 1 

I 



I" 1-02 



A B 



^2 ^2 

3n - 02 



A B 



Sf^ [T + T 



(B27) 



(B28) 



This is in agreement with the leading order term in Eq. (B2) and of course is the same as the one derived by Garriga 
and Tanaka M. 



2. 2-nd order 



Next we compute the 2-nd order solution. The basic equations become 



(2) 



4 (2) 



1(2) 



(2) 2 (2) 

5Q,y -y SQ^ , 



(2) 



3 (2) 



The junction conditions are 



(2) 3 (2) 



(2) 



3 (2) 



y=d 



From Eqs. ( p29| ) and ( |B30D , the solution is 



and 



(2) 



4 



I 

2^ 



(2) 

dQ= 



P ( 1 



^2 Am 



.2 B(2) 



202 



^4 



Here we have introduced the tensor 5/^, 



C'^,, = 



(B29) 

(B30) 
(B31) 
(B32) 

(B33) 
(B34) 

(B35) 
(B36) 



S% = -^R\ 



6 



with the properties S^^^^ = S^^ — 0. 



(2) 



Eq. (B31) is trivially satisfied by in Eq. (B35). To satisfy Eq. (B32), the homogeneous solution 
constrained as C*^,^!^ = 0. The junction conditions ( p33D and (B34) then give 



n^A" ^c'M 



^2 A[2) 

T^M 

2 " ' 



Tlo4^ 202 j '^"8"lo6 + j72)°^- + ^--^ - 



(B37) 



(2) 

in (JS'^., is 



(B38) 
(B39) 
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By combining Eqs. ( B3^ ) and ( B39| ) with the junction conditions at the first order, we obtain the following equations: 



I 



fi2 



4 \n 



,2 B 



(B40) 
(B41) 



Eliminating C'^ from the above two equations, we obtain the effective 4-dimensional theory of gravity with correction 
terms; 



d 



5^ 



n - 

4^P~ 



□X'^. . (B42) 



If we rewrite this equation using 5", we get 
-2 / A s \ 1 



^J^jTt +(1 - vl-o) Tt 



5^ 







41-^ 







(B43) 



Note that x'^uj given by the traceless part of Eq. ( B22| ), satisfies the transverse-traceless condition. Thus we have 
obtained the lenearized quasi-Brans-Dicke theory with Kaluza-Klein corrections. Using h^i, defined by Eq. (B25), 
Eq. (|B42|) leads to 



2 y \i^a u \a y v cup 



Q/3 



1 



A B 



I i~n^ 

P fd l-f}2 



21^2 



l-f72 



2(1 - r22) 



-Uh 



n - si2 



4 f^2 

Imposing the gauge condition. 



\a[3 kg l'^ 2 
1 - f72 V ^ I'' V 2 1 - "2 



6 



I a/3 



^2 02 /A B 



r!2 



(B44) 



Tan _ 



2^(2 



I" 1-172 ^ 

we get the following equation. 



4^2 VP / d/l _ V 
"Tl - 172 1^2(1-172) ^ 4, 





' to 


)-?] 






6 



2(1-172) 4 



(B45) 



□/in, = 



2«;2 



/ 1-172 



1-172 
2/k2172 
1-172 



A B 

Tt +17^ T't 
d/l 



3n - 17- 



[t + t 



^-il7^- 
8 8 2(1 - 172) 



1 1 1 



8 172 2(1 - 172) 



A I A 
BIB 



(B46) 



This result coincides with the result of the standard linear theory given in Eq. (p3). 
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